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Matrix completion

𝑚!" ∶ 𝑖, 𝑗 ∈ 𝒮
Incomplete measurements

Goal: estimate full matrix  𝐗
such that
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min
𝐗

𝐗 −𝐌 ⨀𝐒 $
% +prior(𝐗)

Problem is under-determined!



Rank-regularized matrix completion

min
𝐗

𝐗 −𝐌 ⨀𝐒 $
% + rank(𝐗)

Problem: rank is intractable!
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Rank-regularized matrix completion

min
𝐗

𝐗 −𝐌 ⨀𝐒 $
% + 𝜇 rank(𝐗)

Convex relaxation

min
𝐗

𝐗 −𝐌 ⨀𝐒 $
% + 𝜇 𝐗 ∗

𝐗 ∗ = 𝜎' +⋯+ 𝜎(

Factorized form

min
𝐘,𝐙#

𝐘𝐙, −𝐌 ⨀𝐒 $
%

Deep matrix factorization (DMF)

min
𝐘$,…,𝐘𝑵

𝐘' ⋅ ⋯ ⋅ 𝐘𝑵 −𝐌 ⨀𝐒 $
%

Candes & Recht, 2009 ⋅ Gunasekar et al., 2017 ⋅ Arora et al., 2019



Deep matrix factorization (DMF)

min
𝐘$,…,𝐘𝑵

𝐘' ⋅ ⋯ ⋅ 𝐘𝑵 −𝐌 ⨀𝐒 $
%

n Overparametrized representation

n Gradient descent dynamics promote implicit rank regularization

n The effect is stronger with depth N

Gunasekar et al., 2017 ⋅ Arora et al., 2019

�̇�! 𝑡 = −𝑁 ⋅ 𝜎!" 𝑡
#$#% ⟨∇𝑙 𝐗 𝑡 , 𝑢! 𝑡 𝑣!& 𝑡 ⟩



Geometric matrix completion

Matrix 𝐗 lives on the product
graph 𝒢 = 𝒢'⊠𝒢(

Assume 𝒢( and 𝒢' are known
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Column graph 𝒢'

Prior: 𝐗 is band-limited on 𝒢

Kalofolias et al., 2014 ⋅ Monti et al., 2017



Spectral graph theory
Undirected graph 𝒢

𝐖 adjacency matrix
𝐃 degree matrix
𝐋 = 𝐃 −𝐖 graph Laplacian

Bronstein et al., 2017, Geometric Deep Learning: Going Beyond Euclidean Data.

𝝓𝟎 𝝓𝟏 𝝓𝟐 𝝓𝟑

𝒎𝒂𝒙

𝒎𝒊𝒏

𝟎
𝟎

𝐋 = 𝐃$𝟏𝐖 random walk Laplacian



Product graph Laplacian

Row graph 𝒢(
𝐀( adjacency matrix
𝐃( degree matrix
𝐋( = 𝐃( − 𝐀( graph Laplacian

Column graph 𝒢'

𝐃' degree matrix
𝐋' = 𝐃' − 𝐀' graph Laplacian

𝐀' adjacency matrix

Laplacian of product graph 𝒢 = 𝒢'⊠𝒢(𝐋 = 𝐋(⨁𝐋'



Dirichlet energy

Prior: matrix 𝐗 is band-limited on 𝒢 = 𝒢'⊠𝒢(

𝐸 𝐗 = 𝐗, 𝐋(⨁𝐋'𝐗 𝒢

= tr 𝐗+𝐋(𝐗 + tr 𝐗𝐋'𝐗+

min
𝐗

𝐗 −𝐌 ⨀𝐒 $
% + 𝜇0 tr 𝐗,𝐋0𝐗 + 𝜇1 tr 𝐗𝐋1𝐗,

s.t. rank(𝐗) ≤ k

Dirichlet energy



DMF + spectral regularization

min
𝐀,𝐙,𝐁

𝐀𝐙𝐁𝑻 −𝐌 ⨀𝐒 $
% + 𝜇0 tr 𝐁𝐙𝐓𝐀𝐓𝐋0𝐀𝐙𝐁𝑻

+ 𝜇1 tr 𝐀𝐙𝐁𝑻𝐋1𝐁𝐙𝐓𝐀𝐓

s.t. rank(𝐀𝐙𝐁𝑻) ≤ k

min
𝐗

𝐗 −𝐌 ⨀𝐒 $
% + 𝜇0 tr 𝐗,𝐋0𝐗 + 𝜇1 tr 𝐗𝐋1𝐗,

s.t. rank(𝐗) ≤ k

(over)-parametrize with 𝐗 = 𝐀𝐙𝐁𝑻



Example:

𝐗 = 𝚷𝟏𝐙𝚷𝟐𝑻
If 𝒢G ≅ 𝒢



Spectral geometric matrix completion (SGMC)

min
𝐂,𝐏,𝐐

𝚽𝐏𝐂𝐐,𝚿, −𝐌 ⨀𝐒 $
%

smoothness
+ 𝜇0 tr 𝐐𝐂,𝐏,𝚲0𝐏𝐂𝐐,

SGMC = a form of DMF + geometric regularization

+ 𝜇1 tr 𝐏𝐂𝐐,𝚲1𝐐𝐂,𝐏,

Kovnatsky et al., 2013 ⋅ Litany et al., 2017

data term



Spectral geometric matrix completion (SGMC-Z)

min
𝐂,𝐏,𝐐

N
9,:

𝚽𝐏𝐅𝐩𝐂𝐆𝐪𝐓𝐐,𝚿, −𝐌 ⨀𝐒
$
%

+ 𝜌0 off 𝐏,𝚲0𝐏 $
% + 𝜌1 off 𝐐,𝚲1𝐐 $

%

smoothness

approximate 
diagonalization

+ 𝜇0 tr 𝐐𝐂,𝐏,𝚲0𝐏𝐂𝐐,

SGMC = a form of DMF + geometric regularization

+ 𝜇1 tr 𝐏𝐂𝐐,𝚲1𝐐𝐂,𝐏,

Kovnatsky et al., 2013 ⋅ Litany et al., 2017 ⋅ Vestner et al., 2017 ⋅ Melzi et al., 2019

𝐅𝐩, 𝐆𝒒 = spectral Ciltersdata term



Comparison to DMF – sample density

Data: Synthetic Netflix (variant)
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Comparison to DMF – rank and noise in graphs

Data: Synthetic Netflix (variant)



Results



Cold Start Analysis

Data: Movielens 100K



Conclusion

n Simple spectral technique for matrix completion

n Performs better than many more complex methods

n Includes implicit graph learning

n Variant of DMF with different parametrization + geometric priors

n Useful interpretations related to shape analysis   
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