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Motivation

Guiding question

How can we most practically apply modern machine learning techniques to
experimentally realistic phase retrieval settings?

Examples of practical considerations:

1 No dataset required

2 Can handle noisy data

3 Can handle lost data

4 Faithful to modern experimental setups
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How do you image nanoparticles?

Coherent di�raction imaging: diffract X-rays from a specimen (such as
a virus, protein, or crystal) onto a beamstopped CCD detector

Figure: CDI schematic. The recorded data Y has its low frequencies occluded by
a beamstop. (Original image courtesy of Saliba et al. [2012].)
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Phase retrieval, mathematically

Here, F is a 2x oversampled Fourier operator:

(Fx)`k =
nX

a,b=1

xabe−2πi( a`+bk
2n

)
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Trivial symmetries cannot be avoided

Figure: The Fourier magnitudes of x and those of any translation of x are
identical.
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Caution: practical 6= theoretical phase retrieval

Practice Theory

Measurements Oversampled Fourier Gaussian or random Fourier
Specimen x 2 Rn×n x 2 Rn

Forward model y = jFx j 2 R2n×2n y = jAx j 2 Rn log n

Ambiguity Complex phase Real sign1 �1
Recovery algorithms HIO PhaseLift; Wirtinger flow

1Some theoretical works do consider a complex phase ambiguity, or even a
complex-valued signal x , but typically not with Fourier measurements.
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Recovery is possible, but ill-posed

Theorem (Hayes’ theorem, informal [Hayes, 1982])

2x oversampling is su�cient to recover a two-dimensional image from its
Fourier magnitudes, up to trivial symmetries (translation, conjugate
re
ection, or scaling by a unit vector).

Hybrid input-output (HIO) algorithm is a popular iterative approach
which alternates between updates in real and Fourier space, but its
convergence to the correct solution is not guaranteed.

Ill-posedness: there exist non-trivially distinct signals with
near-indistinguishable Fourier magnitudes [Barnett et al., 2020].
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Holographic phase retrieval uses a known reference to
simplify reconstruction

Figure: Holographic CDI schematic. The upper portion of the diffraction area
contains the specimen of interest X0, and the adjacent portion consists of a
known “reference” R0. The recorded data Y has its low frequencies occluded by
a beamstop. (Image courtesy of Saliba et al. [2012].)
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Holographic phase retrieval uses a known reference to
simplify reconstruction

Figure: Holographic CDI schematic. The upper portion of the di�raction area
contains the specimen of interestX0, and the adjacent portion consists of a
known \reference"R0. The recorded dataY has its low frequencies occluded by
a beamstop.
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Holographic phase retrieval is well-posed

The autocorrelation of the complete specimen-reference image contains
both linear and nonlinear information aboutX . SinceR is known, one can
recoverX from X � R via deconvolution: this is alinear inverse problem.2

2We use� to denote cross-correlation throughout, such thatF(X � X ) = jF(X )j2
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Holographic separation condition

In order forX � R to appear unobstructed in the autocorrelation, it is
important that X and R be separated by a zero block of equal size. If
there is no separating zero block, the bottom right pixel ofR must be
nonzero to extract a solvable linear system Barmherzig et al. [2019].
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Nonetheless, practical challenges remain

1 Noise: Let Np > 0 represent the expected number of photons
incident per detector pixel, andY the true Fourier magnitudes. Then
the measurements are distributed as:

Y �
jjY jj2

Fro

Np
Poisson

�
Np

jjY jj2
Fro

Y
�

: (1)

For largeNp, additive Gaussian noise is a good approximation to
Poisson shot noise. However, for smallNp (the \low-photon" or high
noise regime), this approximation su�ers.

2 Beamstop: low frequencies are occluded.
3 Reference size and separation: physical constraints can limit

reference manufacturing and separation from the specimen.
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Machine learning for inverse problems (IPs)

General IPs Fourier phase retrieval

Trained

End-to-end 5 6, 7*
Unrolling 8

Pretrained denoisers 9 10, 11, 12
Generative models 13

Untrained Generative models 14, 15 16, 17
* denotes the holographic setting

The deep phase decoder [Bostan et al., 2020] uses as its untrained prior
the deep decoder architecture, which we will also apply in the
holographic setting.
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Deep decoder

The deep decoder is an untrained image prior, where its architecture
imposes an inductive bias favoring image statistics via a sequence of
upsampling and 1� 1 convolution layers.

Figure: For a �xed, random inputz 2 R1� c1� � � � , the deep decoder outputs
� (#; z) = net(z) where# denotes all convolution parameters,
blocki := up2 � relu � conv# i and net := blockd � � � � � block1.
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