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1Massachusetts Institute of Technology

2Flatiron Institute

3Yale University

4New York University

MSML 2021

1 / 37



Motivation

Guiding question

How can we most practically apply modern machine learning techniques to
experimentally realistic phase retrieval settings?

Examples of practical considerations:

1 No dataset required

2 Can handle noisy data

3 Can handle lost data

4 Faithful to modern experimental setups
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How do you image nanoparticles?

Coherent diffraction imaging: diffract X-rays from a specimen (such as
a virus, protein, or crystal) onto a beamstopped CCD detector

Figure: CDI schematic. The recorded data Y has its low frequencies occluded by
a beamstop. (Original image courtesy of Saliba et al. [2012].)
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Phase retrieval, mathematically

Here, F is a 2x oversampled Fourier operator:

(Fx)`k =
n∑

a,b=1

xabe
−2πi( a`+bk

2n
)
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Trivial symmetries cannot be avoided

Figure: The Fourier magnitudes of x and those of any translation of x are
identical.
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Caution: practical 6= theoretical phase retrieval

Practice Theory

Measurements Oversampled Fourier Gaussian or random Fourier
Specimen x ∈ Rn×n x ∈ Rn

Forward model y = |Fx | ∈ R2n×2n y = |Ax | ∈ Rn log n

Ambiguity Complex phase Real sign1 ±1
Recovery algorithms HIO PhaseLift; Wirtinger flow

1Some theoretical works do consider a complex phase ambiguity, or even a
complex-valued signal x , but typically not with Fourier measurements.
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Recovery is possible, but ill-posed

Theorem (Hayes’ theorem, informal [Hayes, 1982])

2x oversampling is sufficient to recover a two-dimensional image from its
Fourier magnitudes, up to trivial symmetries (translation, conjugate
reflection, or scaling by a unit vector).

Hybrid input-output (HIO) algorithm is a popular iterative approach
which alternates between updates in real and Fourier space, but its
convergence to the correct solution is not guaranteed.

Ill-posedness: there exist non-trivially distinct signals with
near-indistinguishable Fourier magnitudes [Barnett et al., 2020].
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Holographic phase retrieval uses a known reference to
simplify reconstruction

Figure: Holographic CDI schematic. The upper portion of the diffraction area
contains the specimen of interest X0, and the adjacent portion consists of a
known “reference” R0. The recorded data Y has its low frequencies occluded by
a beamstop. (Image courtesy of Saliba et al. [2012].)
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Holographic phase retrieval is well-posed

The autocorrelation of the complete specimen-reference image contains
both linear and nonlinear information about X . Since R is known, one can
recover X from X ∗ R via deconvolution: this is a linear inverse problem.2

2We use ∗ to denote cross-correlation throughout, such that F (X ∗ X ) = |F (X )|2
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Holographic separation condition

In order for X ∗ R to appear unobstructed in the autocorrelation, it is
important that X and R be separated by a zero block of equal size. If
there is no separating zero block, the bottom right pixel of R must be
nonzero to extract a solvable linear system Barmherzig et al. [2019].
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Nonetheless, practical challenges remain

1 Noise: Let Np > 0 represent the expected number of photons
incident per detector pixel, and Y the true Fourier magnitudes. Then
the measurements are distributed as:

Y ∼
||Y ||2Fro
Np

Poisson

(
Np

||Y ||2Fro
Y

)
. (1)

For large Np, additive Gaussian noise is a good approximation to
Poisson shot noise. However, for small Np (the “low-photon” or high
noise regime), this approximation suffers.

2 Beamstop: low frequencies are occluded.

3 Reference size and separation: physical constraints can limit
reference manufacturing and separation from the specimen.
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Machine learning for inverse problems (IPs)

General IPs Fourier phase retrieval

Trained

End-to-end 5 6, 7*
Unrolling 8

Pretrained denoisers 9 10, 11, 12
Generative models 13

Untrained Generative models 14, 15 16, 17
* denotes the holographic setting

The deep phase decoder [Bostan et al., 2020] uses as its untrained prior
the deep decoder architecture, which we will also apply in the
holographic setting.

13 / 37



Deep decoder

The deep decoder is an untrained image prior, where its architecture
imposes an inductive bias favoring image statistics via a sequence of
upsampling and 1× 1 convolution layers.

Figure: For a fixed, random input z ∈ R1×c1×κ×λ, the deep decoder outputs
σ(ϑ, z) = net(z) where ϑ denotes all convolution parameters,
blocki := up2 ◦ relu ◦ convϑi and net := blockd ◦ · · · ◦ block1.
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Our method: Poisson maximum likelihood and the deep
decoder

We present the first untrained machine learning method for holographic
phase retrieval.

X̂ = arg max
X

log p(Y |X ,Np)

= arg max
X

∑
ij |(B)ij=1

Yij log |F (X |0m×m|R)ij |2 − |F (X |0m×m|R)ij |2

Deep decoder: restrict maximization to X in the range of the deep
decoder, i.e. such that X = σ(ϑ, z) for some parameters ϑ

We optimize this objective using automatic differentiation in PyTorch.
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Some intuition

Unlike linear approaches, based on X ∗ R, we also implicitly leverage the
nonlinear part of the data, X ∗ X + R ∗ R.

The deep decoder provides further information for the method to leverage.

Hopefully, the combination of these may compensate for missing or
“challenging” data, and enable reconstruction that competing methods
cannot.
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Experimental setup: datasets

Figure: (a) Example from SET12: 12 images, 128× 128 (b) Example from
BIO10: 10 images, 256× 256 (c) Example from COIL100: 100 images, 128× 128
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Experimental setup: metric and baselines

Metric: Structural Similarity Index (SSIM), used for measuring image
similarity [Wang et al., 2004]

Baselines:

HIO-Holo: custom variant of HIO; enforces R in real-space iterations

Inverse filtering: deconvolution of the linear X ∗ R term

Wiener filtering: deconvolution, under a Gaussian noise assumption,
of the linear X ∗ R term

Variants of our method, HolOpt:

“-S”: squared loss; included as ablation study only in basic
experiment

“-P”: Poisson loss

“-TV”: total variation (TV) norm regularization

“-DD”: the deep decoder prior (if omitted, optimization is
performed in the full space of pixels)
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Reconstruction at different noise levels
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Figure: Comparing reconstructions across algorithms and noise levels on a sample
image from SET12 (CAMERA) with a binary random reference and without
beamstop. To improve contrast black and white are set respectively to first and
last (99th) percentile of all pixels within each image. This convention is adopted
for all subsequent visuals.
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Reconstruction at different noise levels

Figure: At low noise (high Np), all methods do relatively well.
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Reconstruction at different noise levels

Figure: At high noise (low Np), our methods (right-most columns) obtain cleaner
reconstructions.
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Reconstruction at different noise levels

Figure: Poisson loss always performs at least as well as squared (MSE) loss. The
squared loss sometimes leads to artifacts in the images reconstructed by
HolOpt-S-DD.
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Reconstruction at different noise levels
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Figure: Comparing reconstructions across algorithms and noise levels on a sample
image from from BIO10 (VIRUS) with a binary random reference and without
beamstop.
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Reconstruction at different noise levels
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Figure: Comparing reconstructions across algorithms and noise levels on a sample
image from COIL100 with a binary random reference and without beamstop.
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Reconstruction at different noise levels
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Figure: Reconstruction scores (SSIM) as a function of the photon count Np with
a binary random reference and without beamstop.

HolOpt-S < HolOpt-P and HolOpt-S-DD < Holopt-P-DD

Deep decoder is most helpful at high noise regime

The relative performances of HolOpt-P-TV, Holopt-P-DD and
Holopt-P-DD-TV are image-dependent: the deep decoder usually
allows better contrast, while TV regularization smooths constant
backgrounds (but sometimes also erases details)
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Missing low-frequency data

a =0e+00 a =5e-05 a =1e-04

a =5e-04 a =1e-03 a =5e-03

a =1e-02 a =5e-02 a =1e-01

Figure: Examples of the measured magnitudes corresponding to varying beamstop
area fractions for the SET12 images, with Np = 10.
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Missing low-frequency data
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Figure: An example reconstructed image from COIL dataset as a function of
beamstop area fraction a for fixed photon count Np = 1. Our methods are shown
on the bottom two rows.
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Missing low-frequency data

Figure: Reconstruction SSIM as a function of beamstop area fraction. Baseline
methods are run for 5 trials per image while for tractability our methods are run 1
trial each on COIL100. Average SSIM and one standard deviation error bars are
shown. The leftmost datapoints correspond to no missing data.

The performances of our methods smoothly degrade with increasing
fraction of missing magnitudes a, and enable reconstructions with
generally lower error and visually improved features relative to baselines. 3

3At Np = 1 and large a regime: visually, all methods fail; Wiener filtering advantage
seems to be an idiosyncrasy of SSIM.
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Breaking the holographic separation condition

Figure: In this setting, we vary the position of a small, binary random reference.

Note: Wiener and inverse filtering do not apply without sufficient
separation, conveying how challenging the setting is. As such, we can only
compare to HIO-Holo.
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Breaking the holographic separation condition
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Figure: Reconstructions for photon counts Np = 10 (left) and Np = 1 (right)
with a 0.1m × 0.1m binary random reference as a function of the relative
separation. A separation of 0.5 implies that the left-most non-zero pixel of the
reference is 0.5n pixels away from the image.
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Breaking the holographic separation condition

Figure: Reconstruction SSIM for decreasing photon counts Np as a function of
the relative separation (see caption of Figure 18).
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Reduced oversampling rate

We consider oversampling ratios less than two (the standard), which
correspond to less fine sampling of the same region of Fourier space. An
oversampling ratio of r applied to an input of size n × 3n corresponds to
measurements of size rn × 3rn.
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Reduced oversampling rate
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Figure: Reconstructed images for samples from SET12, BIO10 datasets with
varying oversampling factors (numbers above each column) at Np = 10
photon/pixel.
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Reduced oversampling rate
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Figure: Average SSIM scores for SET12, BIO10 and COIL100 with varying
oversampling factor at Np = 10 photon/pixel. Errors bars represent standard
deviations.
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Real experimental data

?

Figure: Reconstruction from the experimental data of Guizar-Sicairos and Fienup
[2008], which used a He-Ne laser of 632.8 nm wavelength and a triangular
reference. (a) Measurements (1024× 1024 pixels), (b) Reference positioning
(512× 512 pixels), (c) Full reconstruction for HolOpt-P-DD-TV (512× 256
pixels)
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Real experimental data

HIO-Holo Inverse Filt. Wiener Filt. HolOpt-P HolOpt-P TV HolOpt-P-DD HolOpt-P-DD TV

/

Figure: Reconstruction comparison from experimental data (He-Ne laser, 632.8
nm wavelength, from Guizar-Sicairos and Fienup [2008]) with a triangular
reference.

We observe that TV-regularization alone noticeably smooths out the
horizon line, effectively removing it, while the addition of a deep decoder
prevents this phenomenon.
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Conclusions

We can obtain state-of-the-art reconstruction in holographic phase
retrieval by combining a deep decoder prior, Poisson maximum
likelihood, and automatic differentiation for easy optimization

It is advantageous to harness the complete measurement and forward
model information in holography, even if the resultant reconstruction
problem is nonlinear

Untrained image priors are confirmed to be powerful tools, especially
when a significant amount of information is missing from the
measured data due to low photon counts, beamstop-obscured
frequencies and small oversampling

Future directions:
(1) evaluation on real data from other physical experiments, and
(2) theory for Fourier phase retrieval under a generative prior.
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